Abstract: Deformation of pyroclastic flow deposits begins almost immediately after emplacement, and continues thereafter for months or years. This study analyzes the extent, volume, thickness, and variability in pyroclastic flow deposits (PFDs) on Augustine Volcano from measuring their deformation rates with interferometric synthetic aperture radar (InSAR). To conduct this analysis, we obtained 48 SAR images of Augustine Volcano acquired between 1992 and 2010, spanning its most recent eruption in 2006. The data were processed using d-InSAR time-series analysis to measure the thickness of the Augustine PFDs, as well as their surface deformation behavior. Because much of the 2006 PFDs overlie those from the previous eruption in 1986, geophysical models were derived to decompose deformation contributions from the 1986 deposits underlying the measured 2006 deposits. To accomplish this, we introduce an inversion approach to estimate geophysical parameters for both 1986 and 2006 PFDs. Our analyses estimate the expanded volume of pyroclastic flow material deposited during the 2006 eruption to be 3.3 × 10 7 m 3 ± 0.11 × 10 7 m 3 , and that PFDs in the northeastern part of Augustine Island reached a maximum thickness of~31 m with a mean of~5 m. Similarly, we estimate the expanded volume of PFDs from the 1986 eruption at 4.6 × 10 7 m 3 ± 0.62 × 10 7 m 3 , with a maximum thickness of~31 m, and a mean of~7 m.
Introduction
Interferometric synthetic aperture radar (InSAR) is well established as a means for identifying terrain deformation associated with volcanic activity [1] [2] [3] [4] [5] . InSAR processing can be used to measure changes in the surface deformation with centimeter to sub-centimeter accuracy at regional scales as terrains inflate and deflate with subsurface magma intrusion and extrusion [6, 7] , and also at local scales as post-eruptive materials subside through compaction, degassing, and other mechanisms [8, 9] .
All eruptive materials are subject to localized deformation, with each material having its own particular characteristics Common examples of these characteristics are observed in lavas and pyroclastic flow deposits. Lavas are flows of magma that have erupted at the Earth's surface effusive volcanic activity [10] . Pyroclastic flows are produced by more violent explosive activity or gravitational dome collapse [11] . They can be described, generally, as hot, gravity controlled, rapidly moving flows of high particle-concentration ash and gas, and, in some instances, may be partly fluidized [10] . They are the high-solids end member of the more broadly defined pyroclastic density currents, which [17] ). From 2006 (b): Cpf-Continuous phase PFDs; Cpc-Continuous phase pyroclastic current deposits; Cpfw-Windy PFD; RPpf-Rocky Point PFD; Expc-Explosive-phase pyroclastic current deposit; Expf-Explosive-phase PFD; Expct-Thin explosive-phase PFDs (modified from Coombs et al., [18] ). Contour lines at 50 m. [17] ). From 2006 (b): Cpf-Continuous phase PFDs; Cpc-Continuous phase pyroclastic current deposits; Cpfw-Windy PFD; RPpf-Rocky Point PFD; Expc-Explosive-phase pyroclastic current deposit; Expf-Explosive-phase PFD; Expct-Thin explosive-phase PFDs (modified from Coombs et al., [18] ). Contour lines at 50 m. [17] ). From 2006 (b): Cpf-Continuous phase PFDs; Cpc-Continuous phase pyroclastic current deposits; Cpfw-Windy PFD; RPpf-Rocky Point PFD; Expc-Explosive-phase pyroclastic current deposit; Expf-Explosive-phase PFD; Expct-Thin explosive-phase PFDs (modified from Coombs et al., [18] ). Contour lines at 50 m.
Augustine Volcano
Augustine Volcano is located in Cook Inlet, Alaska, approximately 285 km southwest of Anchorage ( Figure 1 ). It completely occupies its namesake Augustine Island, an 8 km × 11 km, uninhabited island of pyroclastic debris surrounding a central dome complex. It is the youngest and most active of five historically active volcanoes in the Cook Inlet area, which, besides Augustine, include Mt. Spurr, Redoubt Volcano, Iliamna Volcano [21] , and most recently Fourpeaked Mountain, which experienced a minor eruption in 2006 [22, 23] .
Since its discovery by James Cook in 1778 [24] , Augustine Volcano has had major eruptions in 1883, 1908, 1935, 1964, 1976, 1986, and 2006 [25] . Its 1883 eruption, the first to be contemporaneously documented, is also considered its most violent [26, 27] . It began on 6 October 1883, when an edifice collapse extended the north coastline of the island by 2 km [28] , and a resulting debris avalanche, which extended another 2.5 km into Cook Inlet [29] , caused a tsunami in the range of 6 m to 9 m at the English Bay settlement, 85 km to the west [30, 31] , Figure 1 (English Bay was renamed Nanwalek on 12 July 2007 by the USGS Board of Geographic Names [32] ; the name English Bay is used here for continuity with previous work). Contemporaneous accounts describe the English Bay tsunamis destroying fishing boats and inundating houses [31] , and accompanying ash falls were sufficient to bury Aleut barabaras, the communal houses of the Aleuts and some Inuit bands of native Alaskans (from 1898 field notes of Spurr, J.A. quoted by Kienle et al., [33] ).
Over the next 123 years, through 2006, Augustine erupted on least six occasions, with significant pyroclastic flows occurring in 1964, 1976, 1986, and 2006 . Each of these eruptions were similar in nature and composition, beginning with an initial explosive phase (VEI~3), followed by a period of decreasing intensity, and finally, an effusive, dome building phase [34] [35] [36] . Although Augustine has had four eruptions in the past 50 years, this paper examines the two most recent eruptions in 1986 and 2006. This was a practical limitation, because civilian Earth-Observing radar imaging satellites suitable for interferometry were not available before the launch of ERS-1 [37] . In any case, by the time SAR satellite data were available, much of Augustine's pre-1986 eruptive products had been overlain by its subsequent eruption.
The 1986 Eruption and Its PFDs
The 1986 eruption began 27 March and continued with three main episodes, from 27 March-2 April; from 23-28 April; and 22 August-1 September [26] . A large andesitic dome resulting from the eruption engulfed a dome emplaced in 1976, which had, in turn, incorporated part of a 1935 dome and all of the 1883 dome [28] . In the first and most explosive episode of the eruption, a nearly continuous ash plume reached altitudes of 4.6 km above sea level (ASL), while explosions generated episodic ash clouds up to 12.2 km ASL. Hundreds of pyroclastic flows extended down the north and northeast flanks, with the largest of these reaching Cook Inlet, to the west and east of Burr Point, some 5 km from the summit vent [26] . Early in the eruption, these flows were rich in pumice. In latter stages, dome collapse events created more lithic pyroclastic flows of dome rock (porphyritic andesite), leaving a broad fan on the north flank, downslope from the 1986 dome [28] (Figure 2a ). Pyroclastic flows continued during the late April and August episodes of the eruption, but these were greatly reduced in number and on a smaller scale. Lava was eventually produced from the summit vent, flowing down a gully on the north flank until formation of a dome in late August [26] .
The 2006 Eruption and Its PFDs
At the conclusion of its 1986 eruption, Augustine was quiescent for nearly 20 years, until a 6-month period of pre-eruption seismicity began in the summer of 2005 [34] . On 11 January 2006, the volcano erupted in a 17-day series of explosions that would be the first of three distinct eruption phases. This first phase, termed the "Explosive Phase", produced ash plumes up to 14 km ASL, along with lava flows and a number of pyroclastic flows on the north flank. These included the largest flow of the Explosive Phase, which, at 4.8 km in length, was designated by Coombs et al., [34] as the Rocky Point Pyroclastic Flow (see RPpf deposit in Figure 2b ). On 28 January, the volcano's Explosive Phase ended, and a 13-day period of essentially uninterrupted activity began. This was the "Continuous Phase", so named to separate it from the discrete explosions of the previous Explosive Phase. The Continuous Phase was characterized by nearly constant, rapid effusion, numerous pyroclastic flows on the north flank [12] , and episodic seismic activity. Especially during the early stage of this phase, pyroclastic flows were common, and their deposits would eventually cover an area of 4.9 km 2 and extend from the summit vent more than 3.8 km down the north flank.
The 2006 eruption concluded with a final, 13-day Effusive Phase from 3-16 March. This phase followed a 21-day hiatus in activity, and resulted in a larger summit dome, increased lava flows on the north flank, and significant block and ash flows. The eruption concluded on 16 March, when no further juvenile material was observed [34] .
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Data Sets

Available SAR Data
To study PFDs related to the 1986 and the 2006 eruption, the use of data from multiple SAR sensors is a practical necessity. No single SAR sensor was in service for the nearly 20-year period between the 1986 and 2006 eruptions, and no permanent spaceborne SAR system existed at the time of the 1986 eruption. The first European Remote Sensing (ERS) satellite, ERS-1, did not fly until 1991 [40] , 
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Available SAR Data
To study PFDs related to the 1986 and the 2006 eruption, the use of data from multiple SAR sensors is a practical necessity. No single SAR sensor was in service for the nearly 20-year period between the 1986 and 2006 eruptions, and no permanent spaceborne SAR system existed at the time of the 1986 eruption. The first European Remote Sensing (ERS) satellite, ERS-1, did not fly until 1991 [40] , and both ERS-2 and Canada's Radarsat-1 were launched in 1995 [41, 42] . The Phased Array L-band Synthetic Aperture Radar (PALSAR) aboard Japan's Advanced Land Observing Satellite (ALOS) was the most recent sensor used in this study. ALOS-PALSAR was launched on 24 January 2006, but was not operational until October 2006 [43] , several months after the cessation of the 2006 eruptive activity.
To analyze the eruption deposits, we obtained a total of 48 SAR single look complex (SLC) images acquired between 21 June 1992 and 9 October 2010. The images were acquired across four platforms, in C-band and L-band wavelengths (λ). C-band data were obtained from Radarsat-1 (λ = 5.6 cm), ERS-1, and ERS-2 (λ = 5.66 cm); L-band data (λ = 23.62 cm) were acquired by ALOS-PALSAR. All SAR data used in this study together with their platform identifiers are listed in Table 1 . 
Ancillary Data Used in This Study
The reference digital elevation model (DEM), used for InSAR analysis was acquired during the Shuttle Radar Topography Mission (SRTM) in February, 2000 (tile No. SRTM1N59W154V2). SRTM was a cooperative project of the National Aeronautics and Space Administration (NASA), the National Imagery and Mapping Agency (now the National Geospatial Intelligence Agency, or NGA), and the German agency Deutches Zentrum für Luft und Raumfahrt (DLR) [44] . The SRTM elevation data were processed from original radar signals spaced at intervals of 1 arc-second (~30 meters), with additional, later processing employed to fill voids where initial processing did not meet mission specifications. The SRTM data meet absolute horizontal and vertical accuracies of 20 m (circular error at 90% confidence) and 16 m (linear error at 90% confidence). In North America, the relative vertical accuracy of the SRTM DEM was measured to be 7 m (linear error at 90% confidence) [45] .
Data Processing Methods
Data processing was conducted in two steps. In the first step, SAR data from ERS-1/2, Radarsat-1, and ALOS-PALSAR sensors were separately processed to evaluate PFD subsidence between 1992 and 2010 (Section 4.1). Emphasis was placed on deformation occurring on Augustine's north flank, where the great majority of PFDs were emplaced. In a second step, these subsidence data were used to derive geophysical information, such as deposit thickness and deformation behavior, for both the 1986 and 2006 PFDs. This latter process proved less straightforward, however, because data acquired after the 2006 eruption measures the combined deformation of superimposed multiple generations (1986 and 2006) of PFDs. We therefore devised an approach that decomposes contributions from 1986 and 2006 PFDs by combining subsidence data with geophysical models. In the following sub-sections, we will describe those models and the processing methods used in this two-step strategy. A geophysical interpretation of results is presented in Section 5. A summary of variables used in the following Equations (1)- (16) is presented as Appendix A.
Methods: Differential InSAR (d-InSAR) Time-Series Processing
Differential InSAR (d-InSAR) time-series analysis techniques use the phase measurements of a stack of N + 1 co-registered SAR images observed at image acquisition times [t 0 , . . . , t N ], to extract accurate information about the (time-dependent) deformation of an observed surface. To this end, a set of M interferograms is first formed from the N + 1 images using InSAR processing, which calculates the phase difference φ i,j (typically referred to as the interferometric phase) between pairs of SAR images according to
where φ i,j is the interferometric phase measurement calculated from SAR images i and j (i, j ∈ (N + 1) and i < j). As shown in Equation (2), the phase values in Equation (1) contain information about the topography h of the observed surface encoded in phase component (φ i,j,topo ) as well as the surface
that occurred between the image acquisition times t i and t j φ i,j,de f o . In addition to these desired parameters, however, φ i,j is furthermore affected by differences in the atmospheric stratification at times t i and t j (φ i,j,atm−s ), variations in the distribution of atmospheric water vapor (φ i,j,atm−t ), errors in satellite orbits (φ i,j,orbit ), and noise (φ i,j,noise ), such that φ i,j can be written as
The sensitivity of the phase values in Equation (2) to the target parameters h (surface topography), and ∆d i,j , (surface deformation), is given by:
and
where B i,j,⊥ is the perpendicular baseline between SAR acquisitions i and j, r is the sensor-to-target range, θ is the look angle of the system, and λ is the wavelength of the transmitted signal.
In this study, we use d-InSAR time-series analysis techniques to extract information about the time-dependent surface deformation d n = [d 0 , . . . , d N ] of PDFs emplaced on Augustine's northern flank during both the 1986 and 2006 eruptions from the measurements in Equation (2) . From SAR data acquired after the 2006 eruption, we extract information about the thickness h PFD,06 of PFD deposits emplaced by this eruption. Here, we interpret the SAR-observed post-eruptive surface topography h in Equation (3) as the combination of a pre-eruptive DEM h pe and the thickness h PFD,06 of 2006 deposits, i.e., h = h pe + h PFD,06 .
To extract d n from the observed phase measurements φ i,j , we first mitigate phase signals related to the pre-eruptive DEM h pe from Equation (2) by subtracting topographic phase values obtained from the 1 arc-second resolution SRTM digital elevation model (d-InSAR processing). We subsequently model and subtract stratified atmospheric phase signals (φ i,j,atm−s ) from Equation (2) using the Weather Research and Forecasting (WRF) model and following the approach described in Gong et al., [46, 47] . This separate step is required as stratified atmospheric signals are significant at Augustine and can often not be removed using spatial or temporal filters. Finally, we mitigate orbital errors (φ i,j,orbit ) by referencing all phase values to a stable region near the PFDs of interest, and apply an adaptive phase filter [48] to minimize φ i,j,noise .
After individually unwrapping the filtered differential interferograms using a minimum-cost-flow unwrapping algorithm [49] , the unwrapped differential interferometric phase resulting from these processing steps can be written as
where ∆h is a residual topography signal that may be due to errors in h pe or due to real changes of topography since the acquisition of h pe . A final set of two processing steps remain to arrive at estimates for the deformation time series d n . First, we apply the small baseline subset (SBAS) algorithm of Berardino et al., [50] to the data in Equation (5) . In SBAS, interferograms are formed from the subset of all possible SAR image pairs, whose temporal (B t ) and spatial baselines (B ⊥ ) are within pre-defined thresholds. By limiting B t and B ⊥ , SBAS addresses the difficult problem of coherence loss, or decorrelation, in interferometric data [50, 51] and therefore reduces the impact of φ i,j,noise on ∆φ i,j . Moreover, processing interferograms within the SBAS framework reduces atmospheric effects φ i,j,atm−t in Equation (5), by applying spatial and temporal filters to the InSAR time-series data [52] . By inverting the differential phase measurements ∆φ i,j in Equation (5), the algorithm results in the reconstructed phase history ∆ϕ n at the N + 1 image acquisition times [t 0 , . . . , t N ]
For reasons of simplicity, Equation (6) assumes that atmosphere and noise influences were sufficiently reduced by the filtering steps in our SBAS workflow so that they can be considered negligible and dropped from the equation. This approximation is made to keep the description of our processing approach mathematically short. Note that in reality, noise and atmospheric effects are only reduced but not eliminated during SBAS processing.
In addition to ∆ϕ n , we also derive an estimate of its uncertainty, σ ∆ϕ n , through our SBAS implementation. This uncertainty estimate is derived for each pixel and epoch using a jackknifing approach: For our data set of M interferograms formed from N + 1 SAR acquisitions, we calculate N + 1 solutions for ∆ϕ n by recursively dropping the nth acquisition date from our list of observations. The standard deviation of the N + 1 derived solutions for ∆ϕ n forms the uncertainty estimate, σ ∆ϕ n . Note, that our approach for uncertainty estimation does not consider spatial correlations between pixels that might be introduced by residual atmospheric signals as well as by the application of spatial filters in our workflow. These correlations are currently ignored but could be included in the future.
In Equation (6), the variable d n is the cumulative line-of-sight displacement at time t n , and B n,⊥ is the perpendicular baseline between the SAR image acquisition at time t n and the reference-image acquisition at time t 0 .
For interferometric data acquired before Augustine's 2006 eruption, we assume that ∆h is small such that its impact on ∆ϕ n can be ignored and the deformation time series d n can be directly extracted from Equation (6) . To validate this assumption, we have analyzed short term ERS-1/2 interferograms with spatial baselines typical for our ERS data stack (up to~250 m) over non-deforming areas of the Augustine edifice and found residual phase signals with a standard-deviation of about 0.8 rad. The spatial pattern of these residual signals suggests atmospheric delay effects as the main source. Hence, we decided to not correct for topographic effects but rather model their error influence according to Equation (3) and consider them in the statistical model for the estimation of d n along with phase noise due to the data's coherence properties. Here, we use σ h pe = 7 m to model the accuracy of the SRTM DEM, which is its relative height error estimated by Rodriguez et al., [45] for the North American continent.
For data acquired after 2006, we assume that the residual topography signal is an expression of the deposit thickness h PFD,06 and apply the approach by Fattahi and Amelung [53] to jointly estimate the unknown parameters of the deformation time series d n from the unknown PFD thickness h PFD,06 . Errors in the pre-eruption DEM (σ h pe ) were included in the error model for h PFD,06 . Interested readers are referred to Berardino et al., [50] and Fattahi and Amelung [53] for more technical details on the applied SBAS and DEM error estimation approaches.
Using this approach, we derive line-of-sight deformation time-series information separately from the ERS1/2, Radarsat-1, and ALOS PALSAR data, resulting in the deformation time series d 92−05 n , d 06−07 n , and d 07−10 n , respectively. To reduce the influence of any potential larger-scale, magma-related deformation of Augustine's edifice on the deformation estimates, we chose three reference points on the north flank that were unaffected by PFDs (Figure 2b ). To facilitate subsequent joint processing of these time-series data (Section 4.2), we assume that PFD deformation is dominated by vertical subsidence motion [15, 54] , and project all deformation measurements together with their error properties into a joint vertical reference frame, resulting in the subsidence estimates s 92−05 n , s 06−07 n , and s 07−10 n , with their respective uncertainty measures σ s n . The assumption of vertical motion is consistent with other work on Augustine's PFDs [54] .
From the ALOS PALSAR data, acquired after the 2006 eruption, we furthermore derive an estimate for the thickness h PFD,06 of the 2006 PFDs. In Section 4.2, we introduce an inversion approach that is used to estimate physical parameters for the 1986 and the 2006 PFD deposits from these measurements.
Note, that a similar approach for the joint estimation of the thickness and subsidence of volcanic deposits was also applied by Ebmeier et al., [55] . There, InSAR data was used to estimate thickness and deformation of lava deposits on Santiaguito Volcano, Guatemala. In contrast to their approach, which measured the cumulative deformation of material deposited during an extended extrusive event, we are tracking deposit deformation across two eruptive cycles that resulted in a superposition of multiple generations of PFDs. Hence, in our case, further processing is needed to decompose contributions from 1986 and 2006 PFDs and extract geophysical information for the individual PFD generations.
Methods: Geophysical Model of PFD Parameter Estimation
The overall goal of this study is to extract geophysical information about the 1986 and 2006 PFDs from the InSAR-derived subsidence estimates, s 92−05 n , s 06−07 n , and s 07−10 n . This effort is complicated (at Augustine and at most other active volcanoes) by younger 2006 deposits that are superimposed onto earlier 1986 material (Figure 2a,b) . Consequently, surface deformation data acquired after the 2006 eruption includes the effect of subsiding new material as well as residual contraction of the underlying 1986 deposits.
Geophysical Considerations and Model Assumptions
To discriminate between contributions from individual deposits in our deformation measurements, we employ a simplified model that assumes the contraction behavior of 1986 and 2006 deposits can be modeled using the same physical principles and same material parameters. We base this assumption on the geochemical similarity of eruption products from both 1986 and 2006, as described in Figure 3 and Section 2.2.
We further consider four possible geophysical sources that may give rise to the observed deformation at Augustine-type PFDs: (1) surface deflation due to loss of volatiles; (2) surface inflation or deflation caused by volume changes in the magma reservoir; (3) poroelastic deformation caused by loading; and (4) thermoelastic surface deformation due to cooling. Of these four mechanisms, only two-deformation from loading, and thermoelastic cooling-were considered significant. Whereas loss of volatiles contributes to deformation, observations of deflating PFDs acquired at Mount St. Helens in 1980 indicate that most deflation occurs immediately-within hours or days-after emplacement [19] . We assume that gas deflation at Augustine was similar in timing and extent, and, therefore, deformation from deflation was complete before satellite observations were made after the 1986 and 2006 eruptions.
Centimeter-scale ground deformation attributed to magma movement, particularly in periods immediately preceding or following an eruption, is well established in a number of previous studies [1, 4, [56] [57] [58] [59] . At Augustine, however, magma source-related deformation has been subtle and at or below the detection level of geodetic systems for most of its recent history. Both an InSAR analysis of Augustine from 1992 to 1999 [60] and a study based on optical, electronic, and GPS surveying techniques [61] found no evidence of magma-related deformation. While subtle magma-related deformation signals were found for the time period 1988-2000 from both reprocessed GPS data and InSAR data [52] , the magnitude of the signal was near the detection level of both techniques.
An exception to this general behavior was a deformation episode that started immediately before and lasted through the initial phases of the 2006 eruption [36] . While this deformation was significant, it occurred at a time not covered by our SAR data and had almost entirely ceased at the time of our first SAR acquisition after the 2006 eruption. We therefore ignore magma source-related deformation in our geophysical model. Note, that our choice of a reference point nearby the deforming PFDs further mitigates magma-induced surface deformation signals that may have existed.
The remaining sources of deformation considered in our model are compaction-related poroelastic deformation and thermal contraction. We are able to pretermit the effects of compaction as a cause of persistent subsidence, because such effects last as little as hours or days after emplacement [19, 54] , while thermoelastic contraction persists for years [20] . Our consideration of poroelastic compaction is therefore limited to the period immediately after emplacement (Equation (8)). Finally, we assume that the subsidence time series s 92−05 n , s 06−07 n , and s 07−10 n are sufficiently linear such that they can be approximated by linear functions of the form:
where ∆s is the linear subsidence rate in cm·year −1 . This linearity assumption has major advantages when formulating our geophysical model as it significantly reduces the number of unknowns that need estimation. As some researchers (e.g., [54] ) have proposed exponential models in the past, we provide a more detailed justification for this linearity assumption in Section 5.1 where we show that the model in Equation (7) is supported by the data. With these prerequisites in place, we were able to construct a forward model that relates each of the subsidence rate estimates, ∆s 92−05 , ∆s 06−07 , and ∆s 07−10 to physical parameters of the 1986 and 2006 PFDs.
Model Formulation
Because poroelastic deformation of the 1986 PFDs had likely ceased before the start of our observation time series, we are able to limit our estimate of the initial subsidence rate, ∆s 92−05 , to a function of thermoelastic contraction and thickness: 
where γ pe (cm·year −1 ·m −1 ) is an average poroelastic contraction parameter and γ th is the average thermoelastic contraction parameter from Equation (8) .
For the third subsidence rate, ∆s 07−10 , which starts more than one year after emplacement of the 2006 PFDs, we assume that poroelastic contraction has ceased, such that:
Note that the average thermoelastic contraction parameter γ th is assumed to be identical for the 1986 and the 2006 PFDs. This assumption is based on their compositional similarity (Figure 3) .
To solve this system of equations (Equations (8)- (10)), we apply two consecutive, linear least-squares inversions. In the first, we derive estimates for the parameters γ th and γ pe from Equations (9) and (10) using a least-squares parameter estimation in the Gauss-Markov model [62] . To that end, Equations (8) and (9) are rearranged to take the form:
In Equation (11), b is a (2·R·C) × 1 column vector of observations, with R and C being the number of rows and columns of the InSAR data matrix;ε is the (2·R·C) × 1 column vector of estimated residuals;x is the 2 × 1 column vector of unknowns; and A is the (2·R·C) × 2 design matrix containing the partial derivatives of the forward model in Equations (8) and (9) We model errors in observations using covariance matrix Σ bb from which we derive a matrix of weights P bb for the observations b in the parameter inversion according to:
The covariance matrix Σ bb is a diagonal matrix containing the variances σ 2 ∆s of the subsidence rate estimates, ∆s. The values σ 2 ∆s are derived by propagating the uncertainties σ s n through Equation (7). Following the Gauss-Markov theorem, the optimal solution for the problem in Equation (11) is found by minimizing the object function δ:
Solving this minimization problem yields the estimated unknownsx = γ th γ pe T with their covariance properties Σxx according to:
resulting in estimates for γ th and γ pe . Once these parameters were derived, the estimate for γ th together with its accuracy properties are used in a second inversion of Equation (7) to derive estimates for the thicknessĥ PFD,86 of the PFDs emplaced by Augustine's 1986 eruption. As observations and unknowns cannot be formally separated in Equation (7), the Gauss-Markov theorem is not applicable and a General Least-Squares (GLS) solution must be sought instead. In the GLS case, the functional model is formulated as:
where γ th is now treated as an observation with known error properties. To solve Equation (15) for the unknown deposit thicknessĥ PFD,86 , we solve:
on a pixel-by-pixel basis. In Equation (16),x is the (R·C) × 1 sized vector of unknown deposit thickness valuesĥ PFD,86 , A is again the design matrix, and B is a matrix containing the partial derivatives of Equation (15) with respect to the observations. Results of the application of the parameter estimation models in Equations (14) and ( (Table 1) . October 2010 was the last seasonally appropriate ALOS-PALSAR acquisition of the target area. In April 2011, the ALOS satellite suffered a non-recoverable power generation anomaly. It was permanently powered down on 12 May 2011 [63] .
Results
d-InSAR-Based Estimates of Surface Subsidence and 2006 PFD Thickness
Time-baseline plots showing the interferograms selected for the three data stacks are shown in Figure 4 , along with the spatial and temporal baseline thresholds (B max t and B max ⊥ ) that were used in the interferogram selection process. Baseline thresholds were set empirically to optimize InSAR coherence and reduce the number of unconnected interferogram subsets. Note that, for the ERS-1/2 data stack, three interferograms with a larger geometric baseline but with good coherence were added to the data set to keep the number of unconnected interferogram subsets low.
Average subsidence rates ∆s (Equation (7)) were derived for the three subsidence time series and are plotted in Figure 5a -c. For all three data sets, a spatial coherence threshold of 0.2 was set to discard incoherent regions. Coherence loss is particularly evident in the Radarsat-1 time series (s 06−07 n ) where rapid surface change in the first months after the eruption resulted in extended no-data areas (transparent regions in Figure 5b ). Figure 5 shows that largest subsidence rates are found for the time period immediately following the eruption (∆s 06−07 ; Figure 5b ) where poroelastic and thermoelastic deformation of newly deposited 2006 materials, as well as thermoelastic deformation of underlying 1986 deposits, lead to subsidence rates of up to 20 cm·year −1 . Figure 5 also demonstrates that the spatial pattern of subsidence changes after the 2006 eruption, which can be attributed to the newly deposited material. Average subsidence rates ∆ (Equation (7)) were derived for the three subsidence time series and are plotted in Figure 5a -c. For all three data sets, a spatial coherence threshold of 0.2 was set to discard incoherent regions. Coherence loss is particularly evident in the Radarsat-1 time series ( ) where rapid surface change in the first months after the eruption resulted in extended no-data areas (transparent regions in Figure 5b ). Figure 5 shows that largest subsidence rates are found for the time period immediately following the eruption (∆ ; Figure 5b ) where poroelastic and thermoelastic deformation of newly deposited 2006 materials, as well as thermoelastic deformation of underlying 1986 deposits, lead to subsidence rates of up to 20 cm·year −1 . Figure 5 also demonstrates that the spatial pattern of subsidence changes after the 2006 eruption, which can be attributed to the newly deposited material. Subsidence time series for three points on Augustine's PFDs (indicated by rectangle, triangle and circular symbols in Figure 5c ) are shown in Figure 6 as black and gray lines. To create these plots, the post-2006 deformation estimates and were connected using an offset parameter, estimated using least-squares techniques constrained by a minimum-norm assumption. In addition to surface subsidence, we estimate the thickness hPFD,06 of pyroclastic flow material deposited during the 2006 eruption using the method described in Section 4.1. Based on our error model, which considers the distribution of perpendicular baselines as well as error sources related to coherence and DEM accuracy, hPFD,06 could be estimated with an average error of , = 2.1 .
A map of hPFD,06 is presented in Figure 7b showing deposition predominantly in a northerly direction from the summit with thickest deposits (> 30 m) found just north of Augustine summit. We found the total volume of 2006 PFD deposits to be 3.3 × 10 7 m 3 (0.033 km 3 ) ± 0.11 × 10 7 m 3 from these data, with a maximum thickness of ~31 m, and a mean of ~5 m.
These estimates compare well to field observations of the 2006 PFDs by Coombs et al., [34] , who In addition to surface subsidence, we estimate the thickness hPFD,06 of pyroclastic flow material deposited during the 2006 eruption using the method described in Section 4.1. Based on our error model, which considers the distribution of perpendicular baselines as well as error sources related to coherence and DEM accuracy, hPFD,06 could be estimated with an average error of , = 2.1 .
These estimates compare well to field observations of the 2006 PFDs by Coombs et al., [34] , who identified the difficulty of thickness measurements and/or estimates as a main source of uncertainty In addition to surface subsidence, we estimate the thickness h PFD,06 of pyroclastic flow material deposited during the 2006 eruption using the method described in Section 4.1. Based on our error model, which considers the distribution of perpendicular baselines as well as error sources related to coherence and DEM accuracy, h PFD,06 could be estimated with an average error of σ h PFD, 06 = 2.1 m. A map of h PFD,06 is presented in Figure 7b showing deposition predominantly in a northerly direction from the summit with thickest deposits (> 30 m) found just north of Augustine summit. We found the total volume of 2006 PFD deposits to be 3.3 × 10 7 m 3 (0.033 km 3 ) ± 0.11 × 10 7 m 3 from these data, with a maximum thickness of~31 m, and a mean of~5 m.
These estimates compare well to field observations of the 2006 PFDs by Coombs et al., [34] , who identified the difficulty of thickness measurements and/or estimates as a main source of uncertainty in volume and yield calculations for the 2006 eruption. With that caveat in mind, Coombs et al., estimated thicknesses ranging from sub-meter deposits on steep slopes and flow edges, to a maximum of 10-15 m in the distinctive Rocky Point pyroclastic flow; see Figures 2b and 7b [12, 34] . A comparison of digital terrain models of the volcano's edifice, acquired before and after the eruption, indicates a maximum thickness of 20 m [12] , and the inflated eruptive volume at~3.9 × 10 7 m 3 (2.3 × 10 7 m 3 DRE), subject to inherent uncertainties of 25%-50% [34] . , and s 07−10 n can be sufficiently described by a linear model. This test showed that 90% of the variability in these subsidence time series can be explained by a linear model. Furthermore, it was found that an alternative exponential decay model did not lead to a statistically significant improvement of model fit. Both of these findings indicate that approximating our data by a linear model, as suggested in Section 4.2, does not lead to significant loss of information.
Estimating γ th and γ pe
We use the linear subsidence rates ∆s 92−05 , ∆s 06−07 , and ∆s 07−10 together with estimates for the thermoelastic and poroelastic contraction parameters γ th and γ pe , respectively. As we assume that the subsidence measurements in the individual pixels are uncorrelated from measurements in other pixels (see Sections 4.1 and 4.2), this means that the model in Equations (10)- (14) can be executed pixel by pixel, vastly simplifying the computational complexity. While there are true correlations between pixels (related to phase filtering and atmospheric effects), we considered the impact of ignoring these correlations small compared to the impact on computational efficiency.
Before inverting for parameters γ th and γ pe we first conducted a test of the geophysical relationships in Equation (8), which imply a linear relationship between surface contraction rate, ∆s, and PFD thickness h, with γ th and γ pe acting as scaling parameters. To test this assumption, we created a scatterplot between the surface subsidence (∆s 07−10 − ∆s 92−05 ) and thickness h PFD,06 of the 2006 PFDs (Figure 8) . The result showed a strong linear correlation between subsidence rate and PDF thickness (r 2 = 0.66), giving credence to the scaling model used in Equations (8)- (10) . Similar linear relationships were also found by Ebmeier et al., [55] , who studied deformation of a lava flow deposit at Santiaguito Volcano, Guatemala.
With the assumptions in our geophysical model confirmed, we perform the least-squares estimation of the thermoelastic and poroelastic contraction parameters γ th and γ pe using the formalism in Equations (9) Correlation coefficient between parameters = −0.22
These results indicate that both γ th and γ pe could be successfully separated using the proposed approach (small correlation coefficient) with acceptable precision (σ γ th = 0.002 and σ γ pe = 0.005) as shown above. While only relevant for a short time period after the eruption, poroelastic contraction was dominant during the immediate post eruption time. The long term-acting thermoelastic contraction was found to cause subsidence of 0.1 cm year −1 m −1 . Interestingly, this value is in good agreement with typical contraction parameters for basaltic and andesitic lava flows that were calculated by Ebmeier et al., from a limited set of global measurements [55] . This similarity should be studied further for PFDs at other volcanoes with sufficient SAR data coverage. calculated by Ebmeier et al., from a limited set of global measurements [55] . This similarity should be studied further for PFDs at other volcanoes with sufficient SAR data coverage. 
Estimating the Thickness of PFDs Deposited in 1986
Following the assumption of strong similarities between the compositions of the 1986 and 2006 PFDs (Section 2.2), we conclude that the thermoelastic contraction parameter ̅ (estimated for the 2006 PFDs in Section 5.2.2) also applies to deposits emplaced during the 1986 eruption. Consequently ̅ can be used, together with Equation (7), to arrive at first estimates of the thickness, ℎ , , of PFDs deposited in 1986.
We apply the general least squares concept in Equations (14) and (15) 
Following the assumption of strong similarities between the compositions of the 1986 and 2006 PFDs (Section 2.2), we conclude that the thermoelastic contraction parameter γ th (estimated for the 2006 PFDs in Section 5.2.2) also applies to deposits emplaced during the 1986 eruption. Consequently γ th can be used, together with Equation (7), to arrive at first estimates of the thickness,ĥ PFD,86 , of PFDs deposited in 1986.
We apply the general least squares concept in Equations (14) and (15) A map of the estimated 1986 PFD thickness is shown in Figure 7a . At 4.6 × 10 7 ± 0.62 × 10 7 m 3 , we found the total volume of the 1986 PFDs to be about 1.5 times larger than those deposited in 2006. A comparison of the maps in Figure 7a ,b shows that this difference mainly stems from a higher deposition on the northeastern flank of Augustine during the 1986 eruption. To estimate the average deposition thickness µĥ PFD, 86 we first identified pixels with significant deposition by applying a threshold ofĥ PFD,86 < 2·σĥ PFD, 86 and then calculated the average ofĥ PFD,86 over these pixels. As the resulting number µĥ PFD,86 = 7.4 m is dependent on the selected threshold, it should be considered as an approximate value only.
By comparison, Swanson and Kienle [64] estimated the expanded volume of the 1986 PFDs as approximately 5 × 10 7 m 3 (0.05 km 3 ), but did not describe how that estimate was determined. They also report that a post-eruption topographic map, prepared from aerial photographs taken on 9 September 1986, indicated that dome elevation had increased by~26 m between 1976 and the close of the 1986 eruption (consistent with Waitt and Begét's observation, between 1992 and 2003, of a 1986 andesite dome forming a prominent part of the summit area [28] ). More recently, a finite element model developed by Masterlark et al., [20] , predicted PFDs with a mean thickness of 9.3 m, a maximum of 126 m, and a volume of 2.1 × 10 7 m 3 (0.021 km 3 ); Masterlark et al., similarly report a total PFD volume of 9.9 × 10 6 m 3 (~0.01 km 3 ) estimated by differences in DEMs. A summary of the available values is presented in Table 2 . Our estimates of thickness and volume for 1986 compare well to the 1986 topographic map and observations reported by Swanson and Kienle [64] , but differ more significantly from the results modeled by Masterlark et al., [20] . Given the observations of dome growth by Swanson and Kienle [64] and Waitt and Begét [28] , however, it seems fair to attribute differences in maximum thickness, particularly in the area proximal to the summit, to andesitic dome growth rather than PFDs alone. Differences in volume are likely due to uncertainties of the finite element model used by Masterlark, et al., [20] . While these uncertainties are not numerically specified, model runs with different initial parameter settings resulted in PFD volume estimates ranging from 9.9 × 10 6 m 3 to 5.7 × 10 7 m 3 encompassing our result.
Discussion
Limitations of the Technique
Thickness and deformation rates were developed from models based on observations and a number of simplifying assumptions. Chief among these is an assumption that Augustine's 1986 and 2006 PFDs were sufficiently similar to allow modeling using the same material parameters. The eruption dynamics and a comparison of whole-rock geochemical composition (Figure 3 ) served as the basis for this general assumption. Although we believe this compositional comparison was sufficient for the stated purpose, it was not intended to be a comprehensive geochemical analysis, which was beyond the scope of this work. Similarly, we broadly considered the principal mechanism of deformation to be thermoelastic contraction (Section 4.2.1). Given the similarity of the two eruptions and eruptive products, we considered it unnecessary to model individual deformation processes such as cooling and degassing, or individual conditions that contribute to that process (porosity, density, pressure, and others). This necessarily involves an additional, implicit assumption that the PFDs from 1986 and 2006 were homogeneous in composition, allowing for uniform rates of deformation. This assumption was made despite field observations that Augustine's 1986 PFDs were comprised of block and ash flow deposits, lithic-rich pumice flow deposits, and lahar deposits [65] , and deposits from 2006 were similar to 1986 in terms of sequence, deposit distributions, and magma compositions [12, 34, 35, 64] . These observations may indicate the possibility of depositional gradations that refute the assumption of uniform deformation. We, however, believe the relative similarities between the two years' eruption products and their similarly rapid emplacement process validate the uniformity assumption for purposes of this estimation.
To simplify modeling and data interpretation, we approximated the deformation behavior of PFDs at Augustine as a piecewise linear process where an initial (higher) deformation rate describes the deformation during the first months after emplacement and a second rate represents the long-term deformation as a flow. This differs from most other approaches, which often use exponential decay functions to describe the temporal variation of subsidence [54] . We showed in Section 5.2.1 that using exponential functions did not lead to a statistically significant improvement of model fit to the InSAR data. Furthermore, we also found that the parameters of the linear functions could be estimated with higher significance than the parameters of an alternative exponential function. Hence, linear models were considered sufficient for this study.
Scientific Significance of Extracted PFD Information
Deformation behavior of volcanic deposits, although reasonably well understood, is difficult to observe and measure on a first hand, in situ basis. Obtaining data from direct observation of pyroclastic emplacement may be hampered by continuing volcanic activity, remote locations, arduous terrain, and other obstacles. Numerical modeling has proven highly effective in estimating deformation, particularly when geometric data, such as deposit thickness from repeated DEMs, are unavailable [20] . Modeling, however, may require significantly simplifying assumptions, and be valid only for individual field situations [66] . The results from our study, such as deposit thickness and deformation, can provide an important method to numerical modeling and help increase the reliability and precision of geophysical estimates.
The technique we present offers a means to estimate PFD thickness and deformation rates using InSAR and parameter estimation techniques that reach beyond a priori estimates and initial modeling. By decomposing contributions from multiple generations of PFDs, our approach provides a basis to quantify thickness, deformation rates, and volume of recent deposits, while providing some insight into a volcano's past by providing previously inaccessible information about deposits from earlier eruption cycles. More precise and accurate data on the post-emplacement characteristics of PFDs allow geophysical parameters to be more accurately modeled, and improve the body of knowledge available for investigation of volcanic hazards.
Conclusions
This study combines 16 years of InSAR data from multiple platforms to study the thickness and long-term subsidence behavior of PFDs from Augustine Volcano. Our methodology was applied to examine the subsidence behavior of PFDs from multi-sensor InSAR acquisitions acquired across two eruption cycles. This includes a model used to decompose deformation signals from two generations of superimposed flows. From this model, we are able to present the reconstructed subsidence history for PFDs observed on Augustine Island.
This investigation provides interesting insight into post-emplacement behavior of PFDs and similar eruptive flows. Using empirical observations derived from SAR data, we determined that the initial settling period is usually concluded within a year of emplacement. We were also able to show a decrease of deformation rates over time as cooling rates of the flows subside. The produced results allow us to better understand the behavior and geometry of PFDs by using InSAR. Masterlark et al., has previously demonstrated that thermoelastic deformation is a strong function of PFD thickness [20] , and used finite element modeling and an adaptive mesh algorithm to produce a thickness distribution of PFDs from Augustine's 1986 eruption. Using InSAR data from Augustine's 2006 eruption, our model describes a relationship between the thickness of PFDs, their material properties, deformation rates, and change in temperature that permits estimation of any of these four parameters when the other three are known or similarly estimated. Finally, the model can be extended to underlying PFDs to estimate the effect of deforming materials deposited by prior eruptions. 
The interferometric phase measurement [rad] in each pixel, calculated from the SAR images i and j (i.e., an interferogram).
The contribution of ground deformation to each pixel that occurred between time t i and t j .
φ i,j,topo
The topography-related phase component that is proportional to the surface height and the interferometric baseline between acquisition at times t i and t j .
∆d i,j The surface deformation [m] that occurred between image acquisition times t i and t j .
φ i,j,atm−s Interferometric phase related to changes in the atmospheric stratification between times t i and t j .
φ i,j,atm−t Phase differences from variations in the distribution of atmospheric water vapor at time t i and t j .
φ i,j,orbit
The interferometric phase contribution due to errors in the satellite orbits of acquisitions at times t i and t j .
φ i,j,noise Phase noise in a pixel of an interferogram calculated from acquisitions at times t i and t j .
h The SAR-observed surface topography [m] .
∆Φ i,j
The unwrapped differential interferometric phase of a pixel in SAR images i and j. r The sensor-to-target range between a SAR instrument and its ground target.
B i,j,⊥
The perpendicular baseline distance between sensor acquisitions i and j. 
B n,⊥
The perpendicular baseline between the SAR image acquisition at time t n and the reference image acquisition at time t 0 .
∆ ϕn
The reconstructed phase history at the N+1 image acquisition times.
B t
The temporal baseline of an InSAR image pair.
∆ϕ n The reconstructed phase history at time step n of the N + 1 image acquisitions. x Generic vector of estimated unknowns in a least-squares inversion framework.
A Design matrix of a least-squares inversion framework, containing the partial derivatives of a mathematical relationship relative to the unknowns.
P bb
Weight matrix.
Σ bb
The covariance matrix of observations. δ The object function to be minimized in a least-squares inversion.
Σxx
The covariance matrix of estimated unknownsx.
B
A second design matrix of the generalized least-squares model containing the partial derivatives of a mathematical relationship with respect to the observations.
